Abstract. In this paper, we develop an enhancement of derived algebraic geometry to apply to A 1 -homotopy theory introduced by Morel and Voevodsky. We call the enhancement "motivic derived algebraic geometry". We shall actually formulate "motivic" versions of ∞-categories, ∞-topoi, spectral schemes and spectral Deligne-Mumford stacks established by Joyal, Lurie, Toën and Vezzosi. By using the language of motivic derived algebraic geometry, we construct the Grassmannian and the algebraic K-theory. Furthermore we formulate the Thom spaces for vector bundles on (motivic) stacks, and we obtain the algebraic cobordism for (motivic) stacks. As the main result, we prove that the algebraic cobordism corepresents the motivic ∞-category which has the universal property of oriented (motivic) ∞-categories.
Introduction
In the view point of the theory of Grothendieck topoi, the original algebraic geometry consists of the theory of Sets-valued sheaves. Here Sets denotes the (large) category of small sets. Derived algebraic geometry, due to Lurie [22] , Toën and Vezzosi [36] , consists of the theory of sheaves which value in subcategories of the model category Set ∆ of simplicial sets. Here the model structure of Set ∆ is defined by Quillen [30] , and we will call the canonical model structure "Kan-Quillen model structure". A fibrant object of this model category Set ∆ is called Kan complexes which is a derived version of a groupoid. In fact, Kan complexes are said to be ∞-groupoids in [19, p.35 , Proposition 1.2.5.1]. In the articles [22] and [23] , Lurie established the derived versions of schemes and Deligne-Mumford stacks, and they were respectively called spectral schemes and spectral Deligne-Mumford stacks.
The work of this paper is motivic derived algebraic geometry which consists of A 1 -homotopy of the stable ∞-category realizing the universality of the K-theory due to Blumberg, Gepner and Tabuada [8] . The main theorem is Theorem 6.6: The motivic ∞-category M MGL is again corepresented by the motivic stack MGL. Furthermore this result gives the motivic ∞-categorical version Corollary 6.7 of the universality theorem [29, Theorem 2.7] due to Panin, Pimenov and Röndigs. This paper is organized as follows: In section 2, we recall the definition and some properties of left proper combinatorial simplicial model categories. The definition of combinatorial model categories was introduced by J. Smith [19] , [11] and [3] . By Dugger's result [11] , it is known that any combinatorial model category has a small presentation which is a Bousfield localization of a model category of a simplicial presheaves on some small category. This result is useful for our formulation of motivic model categories.
In Section 3, we define motivic model categories which are Bousfield localization of simplicial model categories on a Grothendieck site X with an interval object I. In addition, we define the motivic versions of presentable ∞-categories and ∞-topoi as presentable ∞-category valued I-local sheaves and ∞-topoi valued A 1 -local sheaves, and we will call them motivic presentable ∞-categories and motivic ∞-topoi, respectively. In Section 4, we define motivic ∞-bicategories and motivic classifying ∞-topoi. Using the motivic version of scaled straightening and unstraightening theorem [20, p.128 , Theorem 3.8.1], we can formulate the motivic versions of spectral schemes and spectral Deligne-Mumford stacks (Theorem 4.5).
In Section 5, we apply motivic derived algebraic geometry to A 1 -homotopy theory. Our main interest is the case that the Grothendieck site X is the Nisnevich site of the category Sm S of smooth schemes over a regular Noetherian scheme S of finite dimension and with an interval the affine line A 1 = A 1 S . Then motivic spaces are the same of A 1 -homotopy spaces due to Morel and Voevodsky [28] , and motivic ∞-categories are ∞-category valued A 1 -local presheaves on the Nisnevich site Sm S . In the theory of stable A 1 -homotopy theory [38] , an E ∞ -ring object of stable A 1 -homotopy category is called a motivic E ∞ -ring (e.g. [12] ). In motivic derived algebraic geometry, motivic E ∞ -rings are the coordinate rings of affine (motivic) schemes. In Section 6, we first construct the Grassmannian BGL which is the moduli stack of the motivic ∞-groupoid of free modules of an arbitrary motivic E ∞ -ring. Further the algebraic K-theory K = BGL + is defined to be the group completion of the monoidal structure of the ∞-groupoid of free modules. In section 6.3, we will reformulate the motivic E ∞ -ring MGL as the initial object of the ∞-category of oriented motivic E ∞ -rings: we obtain the motivic E ∞ -ring MGL as the oriented completion of the motivic sphere spectrum S (Theorem 6.4). Finally, we introduce the motivic ∞-categorical version of the Thom modules and the algebraic cobordism MGL, and we prove the main theorem.
A short review of left proper combinatorial model categories and ∞-categories.
In this section, we recall the definition of combinatorial model categories and ∞-categories. We say that a morphism in W M , C M and F M is respectively called a weak equivalence, a cofibration and a fibration. In addition, we say that a morphism in the class C M ∩W M and F M ∩W M is respectively called a trivial cofibration and a trivial fibration. 
Left proper combinatorial simplicial model categories and their
is a cofibration in N. Furthermore, if i and j are both trivial cofibrations, then F(i ∧ j) is also a trivial cofibration.
• The bifunctor F preserves all small colimits separately in each valuable. Definition 2.6. Let M be a model category equipped with a monoidal structure. The model category M is said to be a monoidal model category if the monoidal structure satisfies the following conditions:
• The monoidal structure of M is closed.
• The tensor product − ⊗ − : M × M → M of the monoidal structure of M is a left Quillen bifunctor.
• The unit object of M is a cofibrant object of M.
If the monoidal structure of M is symmetric, then we say that M is a symmetric monoidal model category.
Example 2.7. The model category Set ∆ is a symmetric monoidal model category whose monoidal structure is determined by the Cartesian products of simplicial sets. Definition 2.8. Let M be a model category such that the underlying category is a Set ∆ -enriched category. If the model category M is tensored and cotensored, and the tensor product − ⊗ − : Set ∆ × M → M is a left Quillen bifunctor, then we say that M is a simplicial model category.
The definition of combinatorial model categories.
Definition 2.9. Let T be a collection of morphisms in a locally presentable category M. Let T denote the set of morphisms in M that it has the right lifting property with respect to all morphisms of T . Similarly, we let T denote the set of morphisms in M that it has the left lifting property with respect to all morphisms in T . We say that the set ( T ) is the weakly saturated class of morphisms generated by T . Definition 2.10. Let M be a locally presentable model category. Let W M be the class of weak equivalences in M and C M the class of cofibrations in M. We say that M is combinatorial if there exist two small sets I and J such that the classes C M and C M ∩ W M are weakly saturated classes of morphisms generated by I and J, respectively. Example 2.11. The model category Set ∆ is combinatorial. The collection of cofibrations is generated by morphisms which form ∂∆ n ֒→ ∆ n (n ≥ 0) and the collection of trivial cofibrations is generated by morphisms which form
(See e.g. [13, Chapter II.9] .)
It is known that any left proper combinatorial simplicial model category has Bousfield localization which are described as the followings: Definition 2.12. Let M be a left proper combinatorial simplicial model category. Let T be a collection of cofibrations. We say that a fibrant object of X ∈ M is T -local if for any morphism
is a trivial Kan fibration of simplicial sets. A morphism of f : Y → Y ′ is a T -weak equivalence if for any T -local object X, the induced map
is a trivial Kan fibration. 
we will define a model structure on C by the following: 
2.3.
The definition of ∞-categories. For n ≥ 0, we let ∆ n ∈ Set ∆ denote the standard nsimplex and Λ n i ⊂ ∆ n be the sub-simplicial set obtained by deleting the interior and the face opposite for the i-th vertex. An inner fibration f : X → S of simplicial sets is a morphism of simplicial sets which has the right lifting property with respect to all inclusion Λ n i → ∆ n for any n ≥ 0 and 0 < i < n.
Joyal [17] defined ∞-categories as follows: . A marked simplicial set is a pair (X, E) where X is a simplicial set and E a subset of edges of X which contains the set of all degenerate edges s 0 (X 0 ). Here s 0 :
denote the category of marked simplicial sets. We write X ♯ = (X, X 1 ) and X ♭ = (X, s 0 (X 0 )). Let p : X → S be a Cartesian fibration of simplicial sets. Then X ♮ denotes the marked simplicial set (X, E), where E is the set of p-Cartesian edges of X. Let X and Y be marked simplicial sets. Then the product marked simplicial set X × Y is defined by the following:
• The underlying simplicial set of X × Y is the product of the underlying simplicial sets of X and Y.
• All marked edges of X × Y are given by composition
where D denotes the diagonal map and the second map is the product of marked edges of X and Y.
Let (X, E X ) and (Y, E Y ) be marked simplicial sets. Then the exponential marked simplicial set Y X is defined by the following:
• The underlying simplicial set of Y X is the functor
• A marked edge of Y X is a morphism determined by a morphism α :
that for any marked edge e of X, composition
The marked simplicial set Y X has the evaluation map Y X × X → Y which induces a bijection consisting of all simplices whose all edges are marked edges of Y X . Let S be a simplicial set.
For marked simplicial sets X and Z over S ♯ , set
and Map 
is a homotopy equivalence of Kan complexes. Furthermore the model structure of (Set has the underlying simplicial set which is an ∞-category. We can refer to fibrant objects of (Set + ∆ ) /∆ 0 as ∞-categories. Let Cat ∞ denote the simplicial nerve of the full subcategory of (Set + ∆ ) /∆ 0 spanned by fibrant objects. We call Cat ∞ the (large) ∞-category of small ∞-categories.
Motivic model categories.
In this section, we define motivic model categories for a Grothendieck site X with an interval object. An interval object I of X is described by a triple : (µ :
3.1. Definition of motivic model structure of a left proper combinatorial simplicial model category. Let X be a Grothendieck site with an interval object I of X. We assume that X has enough points: That is, a morphism f : X → Y in X is an isomorphism if f x : X x → Y x is an isomorphism of sets for any point x : * → X where the functor (−) x : X → Sets denotes the right adjoint of the induced functor x * : Sets → X. A simplicial object U • : ∆ op → X with an augmentation π : U • → X ∈ X is a hypercover of X if the following conditions are hold:
) is a coproduct of compact objects represented by small objects of X. 
Here the functor | − | : Fun(∆ op , X) → X denotes the geometric realization of simplicial objects. Furthermore F is I-local if the canonical map
is a weak homotopy equivalence of simplicial sets for each motivic local M-valued presheaf Z. We call the modal structure of Mot 
as the ∞-category of motivic spaces and MCat I ∞ as the ∞-category of motivic ∞-category, respectively. We will give more explicit view of motivic spaces and motivic ∞-categories: By the straightening and unstraightening theorem [19, 
Un X where the model structure of the left-hand-side is the contravariant model structure [19, p. 71, Remark 2.1.4.12] and the one of the right-hand-side the projective model structure of the KanQuillen model structure of Set ∆ . Let X be a motivic space. Then there exists a right fibration p X : X → N(X) such that for any U ∈ X, the fiber X × N(X) U is homotopy equivalent to the Kan complex
Similarly, a motivic ∞-category C is an Set 
between left proper combinatorial simplicial model categories. Therefore there exists a Cartesian fibration p C : C → N(X) such that for any U ∈ C, the fiber C × N(X) U is weakly equivalent to the ∞-category C(U) satisfying the condition : C(U × I) ≃ C(U). Let 1 denote the final object of MCat ∞ . Then we have a canonical equivalence:
where Fun I (N(X op ), C) denotes the subcategory of Fun(N(X op ), C) spanned by those functors
Note that the model category (Set + ∆ ) /N(X) has a symmetric monoidal model structure with the unit object N(X) ♯ . Hence an object of the motivic ∞-category C is given by a map from the unit N(X) to the marked simplicial set C: an object f of C is described by the following diagram
, where the squares are homotopy pull back squares for any U ∈ X. 
Since the Cartesian model structure of (Set + ∆ ) /∆ 0 is symmetric monoidal, MCat ∞ is a presentable symmetric monoidal ∞-category. We have the following adjunction
between vary large ∞-categories. The unit object 1 is described by the single-value point ∆ 0 constant presheaves on X. Write MS ∞ = S ∞ ⊗ 1 and MCat ∞ = Cat ∞ ⊗ 1. We say that MS ∞ the motivic ∞-category of motivic spaces and MCat ∞ the motivic ∞-category of motivic ∞-categories.
Let D be motivic ∞-category. Then the product − ⊗ D : MCat ∞ → MCat ∞ has a right adjoint Fun MCat ∞ (−, D) : MCat ∞ → MCat ∞ . Let C be a motivic ∞-category. Then we say that Fun MCat ∞ (C, D) is the functor motivic ∞-category from C to D. 
is a fully faithful functor between motivic ∞-categories.
proof. For any object U ∈ X, we have a weak equivalence 
admits a left adjoint.
of left Quillen functors of simplicial model categories. Therefore we obtain that the functor
3.3. Definitions of motivic presentable ∞-categories and motivic ∞-topoi. Let Cat ∞ denote the very large ∞-category of large ∞-categories and MCat ∞ the very large ∞-category of large motivic ∞-categories. Let L Pr denote the subcategory of Cat ∞ that those objects are presentable ∞-categories and those functors are colimit preserving functors. We will define the very large ∞-category L MPr as the pullback of very large ∞-categories:
We say that L MPr is the vary large ∞-category of presentable motivic ∞-categories. 
We prove that the left adjoints F * (y)(U) are functorial for morphisms in X: Let MS ∞ denote the very large motivic ∞-category of motivic spaces. By Lemma 3.3, we have an adjunction:
Consider the homotopically commutative diagram
of ∞-categories and a natural trans formation α :
Sinceŷ D is fully faithful and the natural transformationŷ
is weak equivalence, α is also a weak equivalence. 
We say that an object of L MTop is a motivic ∞-topos.
Proposition 3.5. Let C be a small motivic ∞-category. Let MCat ∞ denote the very large ∞-category of motivic ∞-categories. Assume that for any morphism f :
proof. For any object U ∈ X, the functor ∞-category
is an ∞-topos. For any map f : U → V in X, the induced functor C( f ) :
which is a left exact colimit preserving functor by [19, 4. Motivic derived algebraic geometry.
4.1.
Definition of motivic ∞-bicategories. We define the motivic version of ∞-bicategories to formulate the theory of motivic derived algebraic geometry. First, we recall short review of ∞-bicategories following [20] . Let Set 
is a fibration if and only if it has the right lifting property with
respect to all morphisms which satisfies the condition (C) and (W). 
Then the Quillen adjunction Mot
is a weak equivalence if and only if the induced map f ′ * :
) is a weak equivalence. A motivic ∞-bicategory F is a Set sc ∆ -valued presheaf on X such that each scaled simplicial set F(X) is an ∞-bicategory for X ∈ X, and the induced maps F(X ×I) → F(X) and F(X) → F(|U • |) are both bicategorical equivalences of scaled simplicial sets for any hypercover U • → X. (1) The collections S L and S R are closed under retracts.
(2) The collection S L is left orthogonal to S R (3) For any morphism h : X → Z in C, there exists an object Y of C, morphisms f :
Let T and T ′ be motivic ∞-topoi. Let Fun * (T, T ′ ) denote the full subcategory of Fun(T, T ′ ) spanned by those functors f : T → T ′ which admit geometric left adjoints. Equivalently, a motivic classifying ∞-topos K is a motivic ∞-topos which satisfies K(U) is a classifying ∞-topos for any U ∈ X and the morphisms K(U) → K(V) compatible with the geometric structures for any morphism V → U in X. The scaled straightening and unstraightening
of left proper combinatorial simplicial model categories. We say that a fibrant object p : X → L MTop is a motivic locally coCartesian fibration. That is, for any U ∈ X, the induced map
is a locally coCartesian fibration which is functorially morphisms in X. A motivic locally p-coCartesian edge of X is an edge which functorially induces a locally P(U)-coCartesian edge for any U ∈ X. The Cat ∞ -valued presheaf 
We prove that the lower horizontal functor has a left adjoint:
geometric morphism of motivic classifying ∞-topoi such that f is compatible with geometric structures. Given the commutative diagram
where f −1 is the induced functor by f , and p and q are motivic locally coCartesian fibrations.
Then f
proof. Since the unstraightening functor
carries fibrant objects to fibrant objects, the induced morphism f
between fibrant objects over L MTop. In particular, f −1 carries motivic locally q-coCartesian edges to motivic locally p-coCartesian edges. By [21, Proposition 7.3.2.6] , it is sufficient to prove that the functor
where MSpc(α) is local. Hence we can get a functor MSpc 5. The application of motivic derived algebraic geometry to A 1 -homotopy theory.
Fix a regular Noetherian separated scheme S of finite dimension. We consider the case that the Grothendieck site X is the Nisnevich site on the category Sm S of smooth schemes over S , and the interval object is the affine line A 5.1. The monoidal structure of the stable ∞-category of motivic spectra. The smash products on the category of pointed simplicial sets Set ∆ * induces a monoidal structure of the ∞-category of pointed motivic spaces MS ∞, * = Mot
We recall the definition of motivic spectra:
Definition 5.1. Let i ∞ : P 0 → P 1 denote the embedding which is given by the point ∞ ∈ P 1 .
Then P 1 + denotes the pointed projective line with the base point ∞. For any motivic space X,
We define the ∞-category of motivic spectra as follows:
Definition 5.2. The ∞-category MSp ∞ of motivic spectra is defined to be the (homotopy) limit The ∞-category MSp ∞ of motivic spectra is a stable ∞-category in the sense of [21] . This follows from by the fact [28, Corollary 2.18 ] that the map
An object of MSp
+ is motivic equivalence of pointed motivic spaces, where G m denotes the multiplicative group scheme and
Definition 5.3.
A motivic E ∞ -ring is a commutative algebra object of the symmetric monoidal ∞-category MSp ∞ of motivic spectra, and CAlg(MSp ∞ ) denotes the ∞-category of motivic E ∞ -rings.
5.2.
The motivic stable ∞-category of modules over a motivic E ∞ -ring. We introduce the motivic ∞-category of modules over a motivic E ∞ -ring. Let R be a motivic E ∞ -ring and Mod R denote the full subcategory of MSp ∞ spanned by Rmodule objects of motivic spectra. Simply, we call an object of Mod R an R-module. Let Mod ⊗ R the symmetric monoidal ∞-category of R-modules whose monoidal structure is induced by smash products over R. Let PMod R denote the full subcategory of Mod R generated by compact R-modules.
For any scheme X over S , R(X) is an E ∞ -ring and the ∞-category of R(X)- proof. For any smooth S -scheme X, Mod R(X) is the full subcategory of Mod S(X) spanned by R(X)-module object. Therefore Mod R(X) is a stable ∞-category. Since the motivic sphere S is an initial object of the ∞-category of motivic E ∞ -rings, Mod R(X) has a canonical Mod S(X) -module structure in Cat ex ∞ . Hence Mod R is a motivic stable ∞-category. By the similar argument, we obtain that PMod R is a small motivic stable ∞-category.
Proposition 5.7. Let R be a motivic E ∞ -ring. Then a left exact localization of the motivic
is a motivic ∞-topos. Furthermore a left exact localization of the very large motivic ∞-category
is a very large motivic ∞-topos.
proof. Let f : X → Y be a morphism of smooth S -schemes. Then f induces exact functors
A is conservative for any E ∞ -ring A, the both induced functors
are left exact. By Proposition 3.5, we obtain the conclusion. 
is a fully faithful functor between ∞-categories.
proof. In fact, for any smooth scheme X over S , the induced map
is a homotopy equivalence of Kan complexes by [21, p.890, Proposition 7.1.2.7] and functorial for morphisms of smooth S -schemes.
Let R be a motivic E ∞ -ring. By Proposition 5.8, Then R induces the map 
of motivic spaces.
proof. Let X be a smooth scheme over S . Then we have the adjunction of presentable ∞-categories:
. Consider the homotopically commutative diagram of very large ∞-categories:
where the vertical arrows are very large Yoneda embeddings. Thenŷ(R(X)) : CAlg(Mod S(X) ) op → S ∞ is the left Kan extension of the functor MSpcR(X) : CAlg(PMod S(X) ) op → S ∞ along the fully faithful embedding
Hence we obtain a weak equivalence Map(MSpcR
Kan complexes.
Corollary 5.11. Let R and R ′ be motivic E ∞ -rings. Then we have an equivalence
5.3. The functor MSpcC for a motivic stable ∞-category C. Let 1 denote the unit object of the monoidal structure of MCat ∞ . By Proposition 5.9, the functor
induces a fully faithful functor MSpc * : CAlg(MSp 
where PMod ⊗ * denotes the left Kan extension of PMod ⊗ ⊗1 along MSpc * . Note that any left Kan extension preserves all small colimit, PMod ⊗ * has a right adjoint. Then we obtain the adjunction
Let C be a motivic symmetric monoidal stable ∞-category. Then C is regarded as the functor
We shall consider the large version of MSpcC: Let MS ∞ denote the ∞-category of motivic spaces that the carnality of the universe is greater than very large. Let R be a motivic E ∞ -ring. Replacing PMod ⊗ and Mod ⊗ in Definition 5.9, the functor MSpcR :
between motivic ∞-categories. 
where Mod * denote the left Kan extension ofŷ•Mod along MSpc * . Set Mod = Mod * (ŷ ′ (MSp ∞ )).
Then the functor Mod is the very large moduli functor of modules: For any motivic E ∞ -ring R, one has
St∞ ) denote the free algebra functor and U its right adjoint. Then we have an adjunction:
and a weak equivalence Mod * ≃ U • Mod ⊗ * . Note that one has a weak equivalences:
Therefore we obtain that the symmetric monoidal presentable ∞-category Sym × (MSp ∞ ) represents the functor Mod i.e. Mod ≃ Mod ⊗, * (Sym × (MSp ∞ )).
For an arbitrary motivic stable presentable symmetric monoidal ∞-category C, we will write MSpcC = Mod ⊗, * (C). Then we have an equivalence : Mod ≃ MSpc(Sym × (MSp ∞ )).
5.4.
The definition of motivic spectral schemes and motivic (Deligne-Mumford) stacks.
Recall that Zariski topos is classified by the factorization system of local morphisms between local rings, andétale topos is classified by the factorization system of local morphisms between strict Henselian local rings. We introduce the definition of local ring objects, local morphisms and strict Henselian local ring objects of a motivic ∞-topos. 
is a pullback square. 
It is well-known that this canonical functor induces weak equivalences on each fiber on X ∈ X. Therefore the canonical functor is a weak equivalence of motivic ∞-categories. We let K Definition 5.14 ([23] p.68, Definition 8.1). Let T be a topos and O X a commutative ring object of T. For every finitely generated algebra R, let Sol R (O T ) be an object of T defined by
We say that O T is strictly Henselian, if for every finite collection ofétale maps R → R α which induce a faithfully flat map R → α R α , the induced map
is an effective epimorphism. 6. The algebraic cobordism for motivic stacks.
In this section, we shall reformulate of the motivic E ∞ -ring of the algebraic cobordism MGL as the initial object of the ∞-category of oriented motivic E ∞ -rings. Using this ∞-categorical formulation, we construct of the motivic stack MGL of the algebraic cobordism for motivic stable ∞-categories.
6.1. The Grassmannian and the K-theory for motivic stacks. Definition 6.1. Let R be a motivic E ∞ -ring and n a non-negative integer. An R-module M is free of rank n if there exists a weak equivalence f : M → R n of R-modules. Let Vect n R denote the motivic ∞-subgroupoid of Mod R spanned by free R-modules of rank n.
for any compact motivic E ∞ -ring R. Hence the motivic stack BGL n is a moduli stack of the n-dimensional Grassmannian. Let BGL denote the colimit colim n BGL n . Then we refer BGL to the infinite Grassmannian. The algebraic K-theory is defined to be the group completion of the Grassmannian BGL: For any motivic E ∞ -ring R and motivic space X, the symmetric monoidal ∞-groupoid Vect R (X) is a monoidal ∞-category with respect to the coproduct ⊕. In fact M × N ≃ M N for any R-modules M and N. It is known that the group completion is exists [14] . Let BGL(R) + the motivic stack defined to be the group completion of BGL:
for any compact motivic E ∞ -ring R.
6.2.
The motivic E ∞ -ring MGL. The algebraic cobordism MGL is a motivic spectrum which is determined by the Thom space of the universal vector bundles V n over BGL n for every n ≥ 0. It is known that the motivic spectrum MGL has the canonical E ∞ -ring structure [15] . The motivic E ∞ -ring MGL has the following universal property: We shall reformulate the algebraic cobordism by using this universal property. Let X be a compact motivic motivic space and f : V → X a vector bundle on X of dimension n. 
where U denotes the forgetful functor. We have the map Thom * = colim n Thom n : (MS 
We refer to the monad functor T as the oriented completion. Since T(S) is an initial object of the ∞-category Alg T (CAlg(MSp ∞ )), there exists a canonical map φ : T(S) → MGL between oriented motivic E ∞ -rings. Since T(S) is also oriented, the orientation of T(S) induces a morphism θ : MGL → T(S) of motivic E ∞ -rings by Theorem 6.2. Since T(S) is an initial object, the composition θ • φ : T(S) → MGL → T(S) is homotopic to the identity. The initial object T(S) is a homotopy limit of all oriented motivic E ∞ -rings. Therefore the identity : MGL → MGL factors as φ • θ : MGL → T(S) → MGL. Hence φ : T(S) → MGL is a weak equivalence of motivic E ∞ -rings.
6.3. The algebraic cobordism MGL for motivic stacks. We shall extend the definition of algebraic cobordism from motivic spaces to motivic stacks. Definition 6.5. Let X be a motivic stack and E : X → BGL n a vector bundle of rank n. Then we refer to the Thom module Thom n (E) as the homotopy colimit of Mod 
